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Rewriting Calcul

Rewriting

Lambda calculus
Recursion theorem
Combinatory logic

Typed calculus



L ambda lerms

e Variables: xy z...

o Abstractions (function creation): Ax.M

* Applications: MN

e Shorthand:

e Ay,z.M for Ay.Az.M

* F(M,N) for (F(M))(N)



Beta

Apply an abstraction to a term

e (AX.M)N = M[x—N]

e replace all free occurrences of x in M with N



Conditionals as A Expressions

Define
T = Ayzy
Foi= A\y,z2.Z

f Xthenyelsez = X(y,2)



Church Numerals (Standard)

Defined inductively

| =  AX.X
0 = AL
N+ 1 = ALAXI((NT)X)



Numbers as A Expressions
(Object-Oriented version)

Define
0

N+ 1

Note: p0O

AX . X
AX.X(FN)

AN AXX(F
an.n(F)
an.n(T)

[inductive detn.]

n) [successor]
predecessor|

test for O]



Recursion via A EXPressions

Instead of
f(x) := A[f(b)]
use
f(x) := E(E,a) where E := Azx.A|z(z,b)]



Y Combinator

et
Y = ML(AXT(XX))(AX.T(XX))

Then
YQ
'S the fixpoint of g
which Is the desired recursive function



Factorial

* A:=Y Aga,m,n.z(n)(m,s(a(m,p(n))))
e M:=Y Ab,m,n.z(n)(0,A(m,b(m,p(Nn))))

o 1:=Y Af,n.2(n)(sO,M(n,z(p(n))))



Example (normal order evaluation)

|s the predecessor of 2 equal 07

zp2 = (p2)(T)
= 2(F)(T) = (Ax.X(F, 1)

=

)(F)(T)
—(F1)(T) = (Ay,z.2)(F,1)(T)
1(T) = (AX.x(F,0))(T)

(FO) = (Ay,z.y)(F0)

UUU




(Applicative Order)

Define
T = AV,Z. y()
- = A,Z. Z()

f Xthenyelsez = X(A.y, \.Z)



